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Inverse and ill- posed problems

Inverse and ill- posed problems for PDEs
 iIncomplete initial and boundary conditions
» sparse and noisy data
» unknown coefficients

Existing methods
* PINN (Physics-Informed Neural Networks)
- differentiable solvers, adjoints

THIS WORK (O DI Loss)

1. Equations discretized on a grid - formulated as a loss function
» faster and more accurate than PINN
» simpler and more versatile than adjoints

2. Multigrid technique that further accelerates convergence
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Solving equations as optiizatin: ODIL & PINN

° Wave equation dzu &2u — () W|th COndi’[iOnS U = g|
o’  ox? o r
* ODIL (Optimizing a DIscrete Loss) '  PINN (Physics-Informed Neural Network)
solution is discrete field u | solution is neural network uy(x, 1)
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ODIL: Faster alternative to PINN
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ODIL (L-BFGS) x100 faster than PINN
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Multiresolution ODIL

 ODIL loss function on a grid of N X N points
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. Use a hierarchy of M levels,

* Multigrid decomposition of the unknown field

with interpolation operators 1

. Instead of L(«), mODIL minimizes

« Same as in ODIL: keep using automatic differentiation




Lid-driven cavity Re=100

» 2D steady Navier-Stokes
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Lid-diven city Re=1 -

« mMODIL: Multigrid decomposition of velocity u using 5 levels

U= U + Tl(uz + TZ(M3 + T3(l/l4 + T4M5)))

with interpolation operators 7;
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uy + 1us

us + 1T5(uy + Tyus)

Uy + T2(Lt3 + T3(u4 + T4u5)) uy + Ty (uy + Ty(usy + T5(uy + Tyus)))
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Conductlwty from temperature

—— PINN — mODIL - raference

. Infer conductivity k(u) in the heat equation

temperature

ou 0 k(u) as neural
ot 0x <k(u)$) 0 network t

given temperature measurements (dots)
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Reconstruction for Burgers equation

* Reconstruct solution of the Burgers equation
ou ou

rU— = O
ot 0x

multiresolution ODIL

given measurements on edges of rectangle (dots) avoids local minimum local minimum

—— ODIL (L-BFGS) ~ oDIL mOoDIL ¥ ODIL

T — reference S
—— mODIL (L-BFGS) Newton L-BFGS-B BFGS.R
0.6 - ——— ODIL (Newton)

0.4 -

error

0.2 -

0.0 +——rrr——rrrm——r
10° 10" 104 103 104
epoch

_)x

IR

10



. Infer body fraction y(X) given
3D steady Navier-Stokes with penalization

V-u=90

(1 =p(@-Vu+ Vp -

|
VZu) + Ayu =0

and velocity measurements (red dots)

» Convergence history of mODIL (L-BFGS)
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Conclusion

et PO A

1.ODIL is orders of magnitude faster than PINN

2. mODIL with multigrid decomposition
accelerates convergence of standard optimizers

Thank you!
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