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Inverse and ill-posed problems
Inverse and ill-posed problems for PDEs

• incomplete initial and boundary conditions
• sparse and noisy data
• unknown coefficients
• …

Existing methods (partial list)
• PINN (Physics-Informed Neural Networks)
• differentiable solvers, adjoints
• …

1.Equations discretized on a grid - formulated as a loss function  
• faster and more accurate than PINN
• simpler and more versatile than adjoints

2.Multigrid technique that further accelerates convergence

THIS WORK (Optimizing the DIscrete Loss)
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Solving equations as optimization: ODIL & PINN
u = g

Γ
with conditions

• ODIL (Optimizing a DIscrete Loss)  
solution is discrete field un

i

L(u) =

ΩhΓh

+ ∑
(i,n)∈Γh

(un
i − gn

i )2

∑
(i,n)∈Ωh

(un−1
i − 2un

i + un+1
i

Δt2
−

un
i−1 − 2un

i + un
i+1

Δx2 )
2

→ min
u

t

x

• PINN (Physics-Informed Neural Network) 
solution is neural network uθ(x, t)

L(θ) =

ΩcollΓcoll

∑
(x,t)∈Ωcoll

(∂2uθ

∂t2
−

∂2uθ

∂x2 )
2

+ ∑
(x,t)∈Γcoll

(uθ(x, t) − g(x, t))2
→ min

θ

...

...

...

...
t

x
u

t

x
θ

∂2u
∂t2

−
∂2u
∂x2

= 0
Ω

• Wave equation
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ODIL: Faster alternative to PINN (in 1D)
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PINN (L-BFGS)

ODIL (Newton)
ODIL (L-BFGS)
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PINN, 700 
parameters

ODIL, 25x25 
grid

t

x

reference

ODIL (L-BFGS)  x100 faster than PINN
ODIL (Newton)  x100’000 faster than PINN

∂2u
∂t2

−
∂2u
∂x2

= 0• Wave equation
initial-value problem



FOR 
MORE COMPARISONS AND DETAILS

arXiv:2205.04611

https://arxiv.org/abs/2205.04611
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mODIL: Multiresolution ODIL
• ODIL loss function on a grid of  pointsN × N

• Use a hierarchy of  levels, e.g. ,  ,  … ,   M N = N1 = 17 N2 = 9 NM = 3

L(u) = ∑
(i,n)∈Ωh

(un−1
i − 2un

i + un+1
i

Δt2
−

un
i−1 − 2un

i + un
i+1

Δx2 )
2

+ ∑
(i,n)∈Γh

(un
i − gn

i )2

• Multigrid decomposition of the unknown field
u = u1 + T1u2 + T1T2u3 + … + T1…TM−1uM

with interpolation operators Ti

• Instead of , mODIL minimizesL(u)
LM(u1, …, uM) := L(u1 + T1u2 + T1T2u3 + … + T1…TM−1uM)

• Same as in ODIL: keep using automatic differentiation

u1

ui

ui+1

uM

Ti
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Lid-driven cavity Re=100
• 2D steady Navier-Stokes

∇ ⋅ u = 0
(u ⋅ ∇)u = − ∇p +

1
Re

∇2u

ODIL streamlines

ODIL (L-BFGS)

2 levels
3 levels

4 levels
5 levels

PINN (L-BFGS)

ODIL vorticity

PINN vorticity
reference

mODIL (L-BFGS)
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Ghia UK, Ghia KN, Shin CT.  JCP. 1982

mODIL converges x20 faster than ODIL
mODIL converges x200 faster than PINN
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Lid-driven cavity Re=100
• mODIL: Multigrid decomposition of velocity  using 5 levelsu

u = u1 + T1(u2 + T2(u3 + T3(u4 + T4u5)))

u5 u4 + T4u5 u3 + T3(u4 + T4u5) u2 + T2(u3 + T3(u4 + T4u5)) u1 + T1(u2 + T2(u3 + T3(u4 + T4u5)))

with interpolation operators Ti

= u
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Conductivity from temperature
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• Infer conductivity  in the heat equationk(u)
∂u
∂t

−
∂
∂x (k(u)

∂u
∂x ) = 0

given temperature measurements (dots)
PINN (L-BFGS)

mODIL (L-BFGS)
ODIL (Newton)

ODIL (L-BFGS)

��	���������� 
����

t

x

conductivity

temperature
 as neural 

network
k(u)
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Reconstruction for Burgers equation
• Reconstruct solution of the Burgers equation

∂u
∂t

+ u
∂u
∂x

= 0
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given measurements on edges of rectangle (dots) local minimum

multiresolution ODIL  
avoids local minimum

ODIL (Newton)
mODIL (L-BFGS)
ODIL (L-BFGS)
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Body shape from velocity
• Infer body fraction  given  

3D steady Navier-Stokes with penalization
χ(x)

(1 − χ)((u ⋅ ∇)u + ∇p −
1

Re
∇2u) + λχu = 0

∇ ⋅ u = 0
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and velocity measurements (red dots)

• Convergence history of mODIL (L-BFGS) forward
171 points
684 points
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Body shape from velocity
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Conclusion
1.ODIL is orders of magnitude faster than PINN

2.mODIL with multigrid decomposition  
accelerates convergence of standard optimizers
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Thank you!
arXiv:2303.04679

https://arxiv.org/abs/2303.04679

